We propose a novel formalism for inflation from a 5D vacuum state which could explain both, seeds of matter and magnetic fields in the early universe.
on the CMB anisotropy were made in [16] . Several mechanisms have been proposed to explain the origin of the seed field. It has been suggested that a primordial field may be produced during the inflationary period if conformal invariance is broken [17, 18] . In string-inspired models, the coupling between the electromagnetic field and the dilaton breaks conformal invariance and may produce the seed field [19] .
Inflation has nowadays become a standard ingredient for the description of the early universe. In fact, it solves some of the problems of the standard big-bang scenario and also makes predictions about CMBR anisotropies which are being measured with higher and higher precision. The first model of inflation was proposed by Starobinsky in 1979 [20] . A much simpler inflationary model with a clear motivation was developed by Guth in the 80's [21] . However, the universe after inflation in this scenario becomes very inhomogeneous. These problems were sorted out by Linde in 1983 with the introduction of chaotic inflation [22] . Inflation offers the hope of furnishing a mechanism for kinematically and dynamically producing the seed of cosmic magnetic fields. It provides the kinematic means for producing long-wavelength effects in the very early universe by the amplification of short-wavelength modes of the inflaton field. This also could have happened with modes of an electromagnetic field. Since an electromagnetic wave with λ phys ≥ H −1 0 has the appearance of static E and B fields, very long wavelength photons (λ phys ≫ H −1 0 ) could lead to large-scale magnetic fields.
In this work we shall study a cosmological formalism for inflation from a 5D vacuum state, where the effective 4D matter, electromagnetic and vacuum effects are induced geometrically. The formalism is aimed to explain both, seeds of matter and magnetic fields in the early universe.
II. 5D FORMALISM
We consider the 5D canonical metric [23] 
where dr 2 = dx 2 + dy 2 + dz 2 . In this line element the coordinates (N, r) are dimensionless and the fifth one ψ has spatial units. This metric describes a 5D flat manifold in apparent vacuum G AB = 0 1 and satisfies R A BCD = 0, i. e., it's flat. To describe an electromagnetic field and neutral matter on this background, we consider the action
for a vector potencial with components A B = (A µ , ϕ), which are minimally coupled to gravity. Here, (5) R is the 5D Ricci scalar, which is zero for the metric (1). We propose a 5D lagrangian density in (2)
where we define the tensor field Q BC = F BC + γg BC A D ;D , with γ = 2λ 5 and F BC = A C;B − A B;C = −F CB , being (; ) the covariant derivative. The lagrangian density (3) can also be expressed as (5) 
where the last term is a "gauge-fixing" term. The 5D-dynamics field equations in a Lagrange formalism leads to
Working in the Feynman gauge (λ = 1), the equation (5) yields
where A B = (A µ , −ϕ). Equation (6) is a massless Klein-Gordon-like equation for A B and represents the analogous of the Maxwell's equations in a 5D manifold in an apparent vacuum. The commutators for
A C (N, r, ψ), A B (N, r ′ , ψ ′ ) = Π C (N, r, ψ),Π B (N, r ′ , ψ ′ ) = 0.
HereΠ N = −g N N A C ;C and (5) g 0 (5) g is the inverse of the normalized volume of the manifold (1). From the equation (8), we obtain
Using equations (1) and (6) , the equation of motion for the electromagnetic 4-vector potential A µ , is given by
where the overstar denotes the derivative with respect to N. Similarly for ϕ we have
Furthermore, using (7) the commutator between ϕ and ⋆ ϕ becomes
which is the same expression that whole obtained in [24] .
A. The 4D Electromagnetic Field embedded in 5D.
Transforming A µ according to A µ (N, r, ψ) = e −3N/2 ψ 0 ψ 2Ā µ (N, r, ψ), and from the equation (10), we have
so that the commutator between
The redefined electromagnetic fieldĀ µ can be expressed in terms of a Fourier expansion
where the creation and annihilation operators (a
and the four polarisation 4-vectors ǫ µ (α) satisfy ǫ (α) · ǫ (α ′ ) = g αα ′ . Using the expansion (15), into the equation (13), we find
which is the dynamical equation for the modes ζ krk ψ ofĀ µ . We propose that ζ krk ψ can be decomposed as
, where for simplicity, we have suppressed the underscripts k r k ψ in the notation. Thus, equation (18) can be equivalently expressed by the system of equations
where κ is a dimensionless separation constant given by κ 2 = ψ 2 k 2 ψ , being k ψ the wavenumber corresponding to the fifth coordinate. The general solution for the system (19, 20) is given by
where
is a dimensionless constant and x(N) = k r e −N . In this equation H (1)
and H (2) ν 1 are the first and second kind Hankel functions. The normalization condition for ζ krk ψ (N, ψ) becomes
Therefore, considering the Bunch-Davies vacuum, C 1 = 0 and C 2 = i √ π/2, we obtain
which gives the normalized modes corresponding to the electromagnetic field embedded in a 5D aparent vacuum.
Considering the coordinate transformations
equation (1) takes the form
which is the Ponce Leon metric that describes a 3D spatially flat, isotropic and homogeneous extension to 5D of a Friedmann Robertson Walker (FRW) line element in a de Sitter expansion. Here t is the cosmic time and dR 2 = dX 2 + dY 2 + dZ 2 . Now, we can take the foliation ψ = ψ 0 in (25) , such that we obtain the effective 4D metric
which describes a 3D spatially flat, isotropic and homogeneous de Sitter expanding Universe with a constant Hubble parameter H 0 = 1/ψ 0 and a 4D scalar curvature (4) R = 12H 2 0 . Equation (10) with the transformation (24) and the foliation ψ
where A µ is the effective 4D electromagnetic field induced onto the hypersurface ψ = H −1 0 . Note that the last term between brackets acts as an induced electromagnetic potential derived with respect A µ . This term is the analogous to V ′ (ϕ) in the case of an inflationary scalar field as used in [25] , and in our case the dynamics of the component A 4 ≡ −ϕ is described by
On the other hand, transforming A µ as A µ (t, R) = e − 3 2 H 0 t A µ (t, R), the equation (27) takes the formÄ
where k ψ 0 is a constant, the equation of motion for the effective 4D electromagnetic modes Q k R (t), becomesQ
whose general solution is
where y(t) = k R H 0 e −H 0 t and ν = 1 2H 0 9H 2 0 + α. The corresponding normalization condition for the modes Q k R (t) becomes
Note that H 0 remains constant in a de Sitter expansion. Therefore, taking into account Bunch-Davies vacuum condition, we consider F 1 = 0 and F 2 = i π 4H 0 . Hence the normalized solution of (31) is
which describes the normalized effective 4D-modes corresponding to the effective 4D electromagnetic field A µ .
A. Classicality conditions of A µ
It is very important to see that all the modes Q k R (t) on the infrared (IR) sector are real. If we write these modes as a complex function with components u k R (t) and v k R (t): Q k R (t) = u k R (t) + iv k R (t), the condition for the modes to be real is
Hence, the condition for the field A µ to be classical on the IR sector during inflation, becomes
where M(t) is the time-dependent number of degrees of freedom (which increases with time during inflation) in the IR (k R ≪ k H ) sector. The coarse-graining field
(here Θ denotes the Heaviside function), takes into account only the modes with 10 3 ≪ ϑ −1 < k H /k R that can be considered as classical because
which in turn implies that the fluctuations of A µ | IR can be treated as classical in the electromagnetic field as well.
B. Electromagnetic fields during inflation
Previous results allow us to calculate the effective 4D super Hubble squared fluctuations of the electromagnetic field < 0|A µ A µ |0 >= A 2 , which are given by
where ϑ = k (IR) max kp ≪ 1 is a dimensionless parameter. Here, k (IR) max = k H (t i ) = H 0 e H 0 t i is the wavenumber related to the Hubble radius at t i (the time when the horizon enters) and k p is the Planckian wavenumber. In fact we choose k p as a cut-off scale of all the spectrum.
To obtain A 2 | IR , we must consider the small argument limit for H (2) ν
. From the condition (35) we obtain that each k R -mode becomes classical for times
which for a de Sitter expansion takes the form k R H 0 ≪ e Ne and N e is the number of e-folds at the end of inflation. In order for inflation to solve the horizon/flatness problem, N e ≥ 60 is required. Note that in this case when k 2 ψ 0 ≃ 2H 2 0 , the constant parameter |α|/H 2 0 ≪ 1 and thus ν ≃ 3/2. Hence we can use H (2) ν [y] ≃ − i π Γ(ν) y 2 −ν on the IR sector to obtain
R is scale invariant. Performing the remaining integration, (41) becomes
which is similar to the corresponding ϕ 2 | IR . We must note that A 2 has constant value in the infrared sector which means that the amplitude of the corresponding photons is constant. This result can be interpreted as a classical large-scale electromagnetic potential generated when a de Sitter inflationary process ends, which is responsible for a large-scale seed magnetic field.
IV. INDUCED SEED MAGNETIC FIELD.
In this section we estimate the seed magnetic field induced from the electromagnetic potential whose dynamics was studied in the previous section. For this purpose we consider the 3D spatial components of A = A iê i (ê i are the 3D spatial basis vectors), which in view of (27) and (29) 
We consider the physical components of A and B measured in a comoving frame. Hence, the orthonormal basis components associated with the observers in this frame are given by
where the spatial part of (26) has been rewritten as dR 2 = dR 2 +R 2 (dθ 2 + sin 2 θdφ 2 ). On the other hand, we know that from (10) through the transformations (24) we can obtain the standard Maxwell's equations with sources where such sources have a geometrical origin. The Maxwell's equations without sources can be obtained from these (see [26] ). Therefore, using ∇ R · B com = 0 and B com = ∇ R × A com , equation (43) becomes
This expression describes the dynamics of the comoving components of the seed magnetic field. As in the case of A µ , we can express these components as a Fourier expansion
where b
k R are the creation and annihilation operators and ǫ i (l) (k R ) are the 3polarisation vectors which satisfy ǫ (i) · ǫ (j) = g ij . Therefore, the equation of motion for G k R (t) obtained from (45), acquires the form
and has for solution
where ν = 1 2H 0 9H 2 0 + 4α, w(t) = k R H 0 e −H 0 t and L 1 , L 2 are integration constants. The corresponding normalization condition for those seed magnetic modes is
being a 0 = H −1 0 the scale factor of the universe when inflation begins. The normalized solution of (47) is
Now, the super Hubble squared B fluctuations of the seed magnetic field B 2 com in the Feynman gauge are given by
where ϑ = k (IR) max kp ≪ 1 is a dimensionless parameter. We are choosing k p as a cut-off scale of the whole spectrum. The power spectrum P(k R ) on cosmological scales is
Considering the case k 2 ψ 0 ≃ 2H 2 0 , we see that |α|/H 2 0 ≪ 1, and thus ν < ∼ 3/2, because α = k 2 ψ 0 − 2H 2 0 . This case is of physical interest since it corresponds to a nearly scaleinvariant power spectrum for B 2 com | IR . Therefore, on the infrared IR sector, we obtain
It is remarkable in this result that B 2 com | IR is a growing function of time during inflation. We notice that the typical infrared divergence appears when k 2 ψ 0 = 2H 2 0 as in the case of the scalar field inflaton analysis for a de Sitter expansion, where the spectrum is exactly scale invariant.
On the other hand, the physical magnetic field B phys is related with the comoving one as
After inflation, B phys decreases as a −2 . Hence, we could make an estimation for the actual strength of the cosmological magnetic field B (a) phys B (a) phys
where B com (t = t i ) denotes the comoving magnetic field at the end of inflation.
In the figure (1) Notice that ν is related to the spectral index n s by the expression: n s = 4−2ν. Furthermore, we have used H 0 = 0.5 × 10 −9 M p taking N e = 63 and ϑ on the range 10 −5 to 10 −8 (which corresponds to actual scales that run from 3 × 10 3 to 3 × 10 6 Mpc. To estimate the scale factor evolution of B (a) phys
which accounts for the actual size of the observable horizon (∼ 10 28 cm) and the size of the horizon at the end of inflation (∼ 3.6 × 10 −6 cm).
V. FINAL COMMENTS
In this letter we have developed a novel formalism of inflation which takes into account gravitoelectromagnetic effects from a 5D vacuum state, where the fifth (spatial like) coordinate is considered as noncompact. The reader can see a different approach in the framework of STM theory, for instance, in [27] . In our case, to define the 5D vacuum on the Riemann flat (R A BCD = 0) metric (1), we introduce the density Lagrangian (3), which is purely kinetic, for a tensorial operator
(such that F BC = A C;B − A B;C is antisymmetric and g AB is symmetric) where the vector potential has components A B = (A µ , ϕ), which are minimally coupled to gravity. Working in the Feynman gauge, we obtain a 5D massless Klein-Gordon-like equation for A B , which represents the Maxwell's equations in a 5D vacuum state (see eq. (6)). Using transformations (24) with the foliation ψ = H −1 0 , we obtain the Maxwell's equations on an effective 4D de Sitter background metric (26), where the sources (the last terms in (27) and (28)) describe the derivatives of the corresponding potentials with respect to A µ and ϕ. Hence, the effective 4D dynamics of A µ and the inflaton field ϕ is well described by equations (27) and (28) . Finally, we have studied the evolution of the squared B com -fluctuations during inflation, which are classical on cosmological scales. These fluctuations increase exponentially on cosmological scales and at the end of this epoch its strength is of the order of (10 127 ) 2 (G) 2 .
Later, we have estimated the present day strength of B , which results of the order of 10 −9 Gauss. This results agree with the limits imposed by the high isotropy of the CMB photons, obtained from the COBE data [28] . However, must be noted that our calculations are very sensitive with the number of e-folds that one consider during inflation. 
